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FORMULATION OF PROBLXIS OF F'IIL'DING STRESS FUNCTIONS 
WITH THE A I D  OF BIHARNONIC PUTENTIALS 

Yu .D . Kopeykin (L "w) 

4 gene ra l  s o l u t i o n  f o r  t h e  equat ion o f  s t a t i c s  of  an e l a s t i c  
body i n  t h e  presence of volume f o r c e s ,  i n  t h e  form of  b i -  
harmonic volume potentia1.s , i s  der ived.  D i scon t inu i ty  formu- 
las f o r  t h e  l i m i t i n g  values of d e r i v a t i v e s  of volume po ten t i -  
a ls  f o r  s i n g l e  and doub1.e layers, a t  va r ious  points  of t h e  
body s u r f a c e  are presented, based on t h e  fundamental solu- 
t i o n  of  t h e  biharmonic equation I = r/2. 

It is  known that t h e  gene ra l  s o l u t i o n  of  t h e  equations of s t a t i c s  of a n  
e l a s t i c  body i n  t h e  absence of volume f o r c e s  can be represented i n  t h e  form of 
t h r e e  harnonic and one biharmonic stress func t ions .  The a r t i c l e  f i rs t  shows how 
t h i s  gene ra l  s o l u t i o n  can be obtained i n  t h e  presence of volume f o r c e s ;  t h e  
p a r t i c u l a r  s o l u t i o n  i s  then  der ived i n  t h e  form of  so-called biharmonic volume 
p o t e n t i a l s .  

For a general  s o l u t i o n  o f  t h e  b a s i c  boundary problems, t h e  use of t h e  
d e r i v a t i v e s  of  t h e  b ihamonic  p t e n t i a l s  f o r  si .ngle and double l a y e r s  is  pro- 
p s e d .  The a r t i c l e  presents  t h e  "d i scon t inu i ty  formulas1t f o r  t h e  1 imi t ing  
values of t h e s e  d e r i v a t i v e s  a t  var ious p i n t s  o f  t h e  body su r face .  

The biharmonic p t e n t i a l s  used i n  t h i s  work are based on t h e  fundamental 
s o l u t i o n  of  t h e  biharmonic equat ion 5 = r/2. However, o the r  fund.amenta1 solu-  
t i o n s  m y  a l s o  be taken for t h i s  p u r p s e .  

To d e f i n e  t h e  concept of biharmonic p t e n t i a l s ,  introduced by t h e  present 
writer ( B i b 1 . 1 ,  2 ) ,  l e t  us app ly  t h e  Gauss-Ostrogradskiy theorem t o  t h e  sum of 
i n t  e E r a  1s 

:i , 

where T i s  a domain of  three-dimensional space;  xi , i = 1, 2, 3 are r ec t i l i nea r  
or thogonal  coordinates;  d t  = dx1dx2dx3 i s  a n  element of  t h e  domain T ;  5,  5 are 
quadruply d i f f e r e n t i a b l e  func t ions .  

We t h u s  have ( B i b l . 1 )  

3:- Numbers i n  t h e  margin i n 6 i c a t e  p g i n a t i o n  i n  t h e  o r i g i n a l  f o r e i g n  texb. 

I 



where S is t h e  smooth Lyapunov boundary of  t h e  domain T ;  d s  i s  a n  element of  t h e  
b o u n d a q  S ;  n i s  t h e  d i r e c t i o n  of t h e  o u t e r  normal with r e s p e c t  t o  S. 

L e t  us assume that t h e  f u n c t i o n  5 is t h e  fundamental s o l u t i o n  of  t h e  bi-  
harmonic equat ion (Bibl.2) , i .e .  , 

where r i s  t h e  d i s t a n c e  between t h e  variable p i n t s  PO and P of t h e  domain T + S. 

The point  P, over  whose xi coordinates  t h e  i n t e g r a t i o n  i s  ca r r i ed  o u t ,  is 
termed a cu r ren t  po in t ,  while t h e  po in t  Po with t h e  coordinates  xfo is  termed a 
f i x e d  p i n t .  

D i f f e r e n t i a t i n g  with r e spec t  t o  t h e  caordinates  of  t h e  p i n t  P, we have 

CWcp . d - (v") = - - d j  1 1 
dn 2 f ' dn f a  ' 
-- - - cos cp; v'6 = - * 

where 9 i s  t h e  ang le  b e t w e e n t h e  normal n ,  p lu t t ed  a t  t h e  po in t  P, and t h e  
d i r e c t i o n  of t h e  v e c t o r  r = POP; 91 : i = 1, 2, 3 are t h e  d i r e c t i o n  cosines  of 
t h e  normal. n ;  di  , i = 1, 2, 3 are t h e  d i r e c t i o n  cosines  of t h e  v e c t o r  i;; 

/ lo5 

3 

cos cp = \t clip,. 

Following t h e  s u b s t i t u t i o n  [ c f .  (Bibl.2)] of eqs. (I,  2) , t h e  i n t e g r a l  
formula given above is  w r i t t e n  as 

On t h e  left-hand s i d e  of eq . (3 ) ,  t h e  func t ion  5 depends on t h e  coordinates  of 
t h e  f i x e d  p o i n t ;  on t h e  right-hand s ide ,  it is  regarded as a f u n c t i o n  of  coordi- 
n a t e s  of t h e  cu r ren t  p i n t .  The values of t h e  func t ions  a t  po in t s  i n s i d e  t h e  
boundary S of t h e  domain T are u.nderl.ined. 
b a s i c  i n t e g r a l  forrnula of  t h e  t h e o r j  of harmonic func t ions  (Greents f u n c t i o n ;  
Ribl. 1) . 

Equation (3) i s  analogous t o  the 

The f i rs t  two terms on t h e  right-hand s ide of eq.(3) r ep resen t  t h e  Newtoni- 
a n  p o t e n t i a l s  of t h e  s i n g l e  and double l a y e r s ;  t h e i r  sum w i l l  be a harmonic 
funct ion.  
rzoments of t h e  s i n g l e  and double l a y e r s ,  as well. as t o  .the volume with r e spec t  
t o  t h e  f i x e d  p i n t .  
p o t e n t i a l s  of  t h e  s i n g l e  layer, t h e  double l a y e r ,  and t h e  volume. 

2 

The remaining t h r e e  terms are p r o r a r t i o n a l  t o  t h e  ;plar s t a t i - c  

8ence t h e  proposal (Bibl.2) t h a t  they be termed bi.hnrmonic 
The polar 



s t a t i c  monent is  construed as t h e  i n t e g r a l  of  t h e  product of t h e  element and t h e  
d i s t a n c e  r from t h e  pole Po. 

The biharmonic po ten t i a l s  of  t h e  s i n g l e  and double l a y e r s  s a t i s f y  t h e  bi-  
harmonic equation. 

Ce r t a in  p rope r t i e s  of biharmonic p t e n t i a l s  were inves t iga t ed  elsewhere 
(Bibl.2). 

Consider t h e  p rope r t i e s  of t h e  t h i r d  d e r i v a t i v e s  of t h e  s ing le - l aye r  bi-  
harmonic p t e n t i a i  and t h e  second d e r i v a t i v e s  of t h e  doirbl e-layer biharmonic 
p o t e n t i a l ,  on examining t h e i r  v a r i a t i o n  i n  t h e  neighborhood of po in t s  a t  t h e  
su r face  S. 

L e t  g be t h e  biharmonic p t e n t i a l  of a s i n g l e  l a y e r ,  with t h e  d e n s i t y  v of 
s u r f  a c e  d i s t r i b u t i o n  

6 = - 1 j v r d s .  
2 

.5 

Laying t h e  o u t e r  no rna l  ns> through a !mint A of t h e  s u r f a c e  S ,  we vark on 
it t h e  f k e d  p i n t  Po . 

Tde then  calcul.ate t h e  th i rd -o rde r  d e r i v a t i v e s  of g with respect  t o  t h e  co- 
o r d i n a t e s  of the f i x e d  point and t h e  d i r e c t i o n  of t h e  normal rk 

( 5 )  

where z io ,  i = 1, 2, 3 are t h e  d i r e c t i o n  cosines  of t h e  normal. no;  4 is  t h e  
ang le  rrade by t h e  d i r e c t i o n s  of t h e  noma1 no and t h e  v e c t o r  F: 

/lo6 

i- I 

We c a l c u l a t e  t h e  l i m i t i n g  va lues  of t h e  d e r i v a t i v e s  ( 5 )  when t h e  f i x e d  
,point P!, t ends  towarc? t h e  po in t  A on t h e  surface S. 
i n t e g r a l s  ( 5 )  i n t o  two a d d i t i v e  i n t e g r a l s ,  one of which is  taken ove r  t h e  neigh- 
borhood h of t h e  p i n t  A and t h e  o t h e r ,  over t h e  remainder of t h e  su r face  s. On 
determining t h e  first addend, w e  equate t o  zero t h e  d i s t a n c e  between t h e  p i n t s  
Po and b and t h e n  a l s o  t h e  dimension of the  neighborhood A .  
l.in?it , we have 

'de decompose each of t h e  

On passing t o  t h e  

3 



where vo i s  t h e  d e n s i t y  v a t  t h e  l i m i t i n g  po in t ;  'il = I i f  Po tends toward A i n -  
s i d e  t h e  su r face  s; 11 = -1 if F9 tends toward A o u t s i d e  t h e  s u r f a c e  s. 

The i n t e g r a l s  i n  eqs.(6) denote t h e  d i r e c t  values of  t h e  d e r i v a t i v e s  a t  t h e  
V.D.Kupradze (Ribl.3) showed t h a t  s i n g u l a r  i n t e g r a l s  of t h i s  type p i n t  A .  

converge i n  t h e  presence of  a 1.imited d e n s i t y  v .  

Consider t h e  biharmonic p o t e n t i a l  h of a double 1.ayer of  d e n s i t y  M. on t h e  
s u r f a c e  S 

L e t  us then c a l c u l a t e  t h e  second d e r i v a t i v e s  of h with respect  t o  t h e  co- 
o r d i n a t e s  of  t h e  f i x e d  point .  \\le f i n d  t h e  l i m i t i n g  va lues  of  t h e s e  d e r i v a t i v e s  
a t  t h e  p i n t  A of t h e  s u r f a c e  S,  proceeding i n  t h e  same manner as i n  d e r i v i n g  
eqs. ( 6 ) .  This y i e l d s  

where x0 is  t h e  value of t h e  d e n s i t y  v. a t  t h e  l i m i t i n g  p i n t .  

The meaning of  t h e  c o e f f i c i e n t  7 has been c l a r i f i e d  above. 

Let us now consider  t h e  a p p l i c a t i o n  of bihamonic  p o t e n t i a l s  t o  t h e  solu- 
We write t i o n  of  three-dimensional problems of  t h e  s t a t i c s  of e l a s t i c  bodies.  

t h e  equat ion of e l a s t i c i t y  

- 
where 7 i s  t h e  v e c t o r  of  e las t ic  d i s p l a c e r e n t ;  X is t h e  v e c t o r  of  volume f o r c e  
with t h e  components XI, Xa, X,? ; P i s  Poisson's r a t i o ;  and G i s  t h e  modulus of 
e l a s t i c i t y  i n  compression. 

L e t  us replace t h e  func t ion  d i v  7 i n  eq.(9) and assume t h a t  t h i s  func t ion  
i s  F r o p r - t i o n a l  t o  t h e  Laplacian of  some o t h e r  func t ion  51 /lo7 



Then, eq.(9) becomes a Poisson equat ion 
- - *  x v2 (7 + gFad El) = - - G '  

The sol.ution of eq.(ll) r e p r e s e n t s  t h e  sum of t h e  harmonic v e c t g r  2 and t h e  
Newtonian v e c t o r  p o t e n t i a l  of  volume T with t h e  volume d e n s i t y  X/G. Hence, 

Then, 

where X i s  t h e  

Comparing 

- - -  
V=u-ggradg, + - 4rrG [ Xf dt. 

modulus of t h e  v e c t o r  x; .% i s  t h e  d i r e c t i o n  of t h e  vec to r  x. 
t h i s  last  expression with eq.(lO),  we have 

( d  -!- 
2 (1 - p) v2isI -- div a + 1- 4nG 1 XV? \-d:-) d t .  

We perform Laplace's ope ra t ion  with r e spec t  t o  both parts of  eq.(13) 

r x -d t .  2 (1  - p) vat, = SnG- 1 XV" ($) dt = __ 4 x G V ' Z j  2 1 -  1 d 

I 1' 

I n  accordance with t h e  integral .  equat ion (3), t h e  s o l u t i o n  of eq. (a) w i 1 . l  
be w r i t t e n  as t h e  sum of a biharmonic f u n c t i o n  5 and t h e  &-direct ion d e r i v a t i v e  
of  t h e  biharmonic p o t e n t i a l  of valume T with t h e  volume d e n s i t y  X / & G ( l  - i l )  

Then, eq.(12) w i l l  become 

2 ( I  - p) v2; = diva.  

The v e c t o r  of e l a s t i c  displacement is  w r i t t e n  as 

5 
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The e l a s t i c  displacement (16) is represented by t h r e e  harmonic func t ions  
al , a2, a3, by t h e  vec to r  components a connected by t h e  biharmonic func t ion  5 ,  
and by t h e  p a r t i c u l a r  s o l u t i o n  of t h e  e l a s t i c i t y  equation i n  the  form of t h e  
Newtonian and biharmonic p o t e n t i a l s  of voI.ume T .  

/lo6 

On examining t h e  first three-dimensional boundary-value problem of s t a t i c s ,  
we write t h e  boundary condi t ion  

- -  
- v = f ,  (17) 

- 
where 7 i s  t h e  value assumed by t h e  vec to r  v a t  poin ts  of  t h e  su r face  S ;  f is 
t h e  veTtor spec i f i ed  a t  p i n t s  of t h e  su r face  S. 

L e t  u s  then  s u b s t i t u t e  eq.(16) i n t o  t h e  boundary condi t ion  (17) 
- -  - 
a -grad '6 = F .  - -  

I n  eq.(18) ,  t h e  values  assumed by t h e  vec to r s  a t  poin ts  of t h e  su r face  S are 
underl ined;  F i s  a known vec to r ,  with t h e  components 

where y i  are t h e  d i r e c t i o n  cosines of t h e  volume f o r c e  vec to r  ?1. 

TG formulate  t h e  boundary condi t ions  f o r  t h e  second e l a s t o s t a t i c  bounda.ry- 
value problem, l e t  us first express t h e  s t r e s s  t e n s o r  conptinents with t h e  a i d  of  
eq.  (16), Cauchy's equat ion,  and Hoolte's l a w .  Af te r  t ransformation,  we have 

where b i J  = 1. when i = j, and 6,, = 0 when i f j .  

L e t  us t h e n  wr i t e  t h e  boundary condi t ions for t h e  second boundary-value 
problem 



where 

- 

where are t h e  components of  t h e  s p e c i f i e d  load v e c t o r ;  giJ are t h e  values  of  
t h e  stress t e n s o r  conponents a t  p o i n t s  of  t h e  body s u r f a c e  S. 
eq.(20) i n t o  t h e  boundary condi t ions.  
pressed i n  t h e  form of  t h e  stress func t ions  

Let  us s u b s t i t u t e  
We t h e n  o b t a i n  boundary condi t ions ex- 

J 

1 (22) 
3: + 2pu10p2~ = pi; i = 1,2,3. dai 1 da/ 

- dno -+&  deio -uUlo-2 axitrc)n, - 
j- 1 

I n  condi t ion ( 2 2 ) ,  t h e  values  assumed by t h e  f u n c t i o n s  a t  t h e  su r face  p i n t s  S 
are underlined. /lo? 

We now formulate  t h e  t h i r d  boundarj-val.ue problem i n  t h e  determinat ion of 
s t r e s s  func t ions .  
s u r f a c e  S of t h e  body i s  s p e c i f i e d  such t h a t  

L e t  us assume t h a t  t h e  r a t i o  of s t r e s s  t o  displacement a t  t h e  

i-l 

where [ J ! ~  , Q i  are func t ions  s p e c i f i e d  a t  t h e  s u r f a c e  S. 

L e t  us s u b s t i t u t e  eqs.(16), (20) i n t o  t h e  boundary condi t ions (a). Then, 
we o b t a i n ,  f o r  t h e  stress f u n c t i o n s ,  

where gi are components of t h e  known v e c t o r  determined a t  t h e  su r face  p i n t s  S 
according t o  t h e  formula 

b 

1 

The f o u r t h  boundary-value problem, where stresses are s p e c i f i e d  over  a 

7 



p a r t  SI of t h e  body su r face  S while  displacements are spec i f i ed  over  t h e  remain- 
i n g  p a r t  S2 of t h e  sur face ,  has boundary conditicjns of  t h e  form of eq.(22) f o r  
p i n t s  of t he  s e c t o r  SI and condi t ions o f  t h e  form of  eq.(18) f o r  po in ts  of  t h e  
s e c t o r  S2. 

Thus, t h e  boundary condi t ions for t h e  f o u r  b a s i c  problems of s t a t i c s ,  per- 
t a i n i n g  t o  t h e  determinat ion of stress funct ions ,  have been formulated with the  
a i d  of eqs . ( l8) ,  (22),  and (25). 
by eqs . ( l9 ) ,  (23),  (26), where t h e  volume f o r c e  se rves  as t h e  d e n s i t y  of t h e  b i -  
harmonic and Newtonian vo1.ume p o t e n t i a l s .  

The e f f e c t  of t h e  volume f o r c e  is  expressed 

Thus , 1in ; i t ing  formulas for t h e  d e r i v a t i v e s  of s ing le -  and double-layer - biharmonic p t e n t i a l s  , needed f o r  t h e  f u r t h e r  s o l u t i o n  of boundary-value prob- 
lens, have been obtained. 
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